A classification of all extremal double circulant self-dual codes of lengths up to 72 is known. In this paper, we give a classification of all extremal double circulant self-dual codes of lengths 74-88.
Introduction
A code C is called self-dual if C = C ⊥ . A self-dual code C is called doubly even and singly even if all codewords have weight ≡ 0 (mod 4) and if some codeword has weight ≡ 2(mod 4), respectively. It was shown in [10] that the minimum weight d of a doubly even self-dual code of length n is bounded by d 4[n/24] + 4. We call a doubly even self-dual code meeting this upper bound extremal. The largest possible minimum weights of singly even self-dual codes of lengths up to 72 are given in [2, Table I ]. This work was extended to lengths up to 100 in [4, Table VI ]. In Table 6 , we list the largest possible minimum weight d(n) for lengths 74 n 88. In this paper, we say that a singly even self-dual code with the largest possible minimum weight given in [2, Table I ], [4, Let D p and D b be codes with generator matrices of the form
and ⎛ ⎜ ⎜ ⎝ 0 1 · · · 1 1
E-mail address: mharada@sci.kj.yamagata-u.ac.jp (M. Harada). The bordered double circulant construction is used only when the length is ≡ 0 (mod 4) for self-dual codes. It is known [6] that there exists no bordered double circulant singly even self-dual code of length n ≡ 0 (mod 8).
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All extremal double circulant self-dual codes of lengths up to 72 are known [7, 9] . In this paper, we give a classification of all extremal double circulant self-dual codes of lengths 74-88.
Singly even self-dual codes of length 78
In this section, we give a classification of all extremal double circulant singly even self-dual [78, 39, 14] codes. The possible weight enumerators of extremal singly even self-dual [78, 39, 14] codes are given in [4] as follows:
where and are undetermined parameters. We have found all distinct extremal double circulant singly even self-dual [78, 39, 14] codes by considering all 39 × 39 orthogonal circulant matrices satisfying the conditions that the first coordinate of the first row is 1, the weight of the first row is congruent to 1 (mod 4) and the weight is greater than or equal to 13. Since a cyclic shift of the first row of some code defines an equivalent code, the elimination of cyclic shifts substantially reduces the number of codes which must be checked further for equivalence to complete the classification. It is useful to use the fact that self-dual codes with generator matrices of the form (I n R) and (I n R T ) are equivalent. We employ the values (M (2) , m (2) ) (see [9] for the definitions of these numbers which are invariant under code equivalence) to compare the codes. MAGMA was employed to determine code equivalence and complete the classification. Then we have the following: 
Doubly even self-dual codes of length 80
In this section, we give a classification of all extremal double circulant doubly even self-dual [80, 40, 16] codes. In this case, both pure and bordered double circulant codes exist. The weight enumerator of an extremal doubly even self-dual code of a fixed length is uniquely determined [10] .
Using an approach similar to that in Section 2, we have found all distinct extremal double circulant doubly even self-dual [80, 40, 16] codes which must be checked further for equivalence to complete the classification. In this case, we employ the values (M(4), m (4) In Table 2 , we list the first rows of R and R in (1) and (2) We verified by MAGMA that the automorphism group is of order 602.
Doubly even self-dual codes of length 88
In this section, we give a classification of all extremal double circulant doubly even self-dual [88, 44, 16] codes. In this case, both pure and bordered double circulant codes exist.
Using an approach similar to that in Section 2, we have found all distinct extremal pure and bordered double circulant doubly even self-dual [88, 44, 16] codes which must be checked further for equivalence. We complete the classification of all extremal pure and bordered double circulant doubly even self-dual [88, 44, 16] codes by listing the first rows of R in (1) and R in (2) of the codes in Tables 3 and 4 , respectively. For the first rows (r 1 , r 2 , . . . , r 44 ) of R for the pure double circulant codes, we list (r 3 , . . . , r 44 ) since r 1 = 1, r 2 = 0 for all codes, and for the first rows (r 1 , r 2 , . . . , r 43 ) of R for the bordered double circulant codes, we list (r 2 , . . . , r 43 ) since r 1 = 1 for all codes. Moreover, to save space, these rows are written in octal using 0 = (000), 1 = (001), . . . , 6 = (110) and 7 = (111).
The orders of the automorphism groups Aut(P 88,i ) and Aut(B 88,i ) are listed in As described in Section 3, there is a relationship between pure double circulant singly even self-dual codes of length n and bordered double circulant doubly even self-dual codes of length n + 2 [6, Lemma 2.2]. The unique extremal double circulant singly even self-dual [86, 43, 16] code is related to B 88,96 .
Other lengths and summary
All distinct extremal double circulant self-dual codes for lengths 74-88 have been found by exhaustive search. For lengths n = 78, 86, our search shows that there is no extremal double circulant singly even self-dual code. In Table 6 (resp. Table 7) , we summarize our classification of all extremal double circulant singly even (resp. doubly even) self-dual codes. In Table 6 (resp. Table 7) , P (n) and B(n) denote the numbers of inequivalent extremal pure and bordered double circulant singly even (resp. doubly even) self-dual codes, respectively. For lengths n = 78, 86, some extremal singly even self-dual codes can be found in [1, 3, 5, 8] . For the extremal singly even self-dual codes, in Table 6 , we give the largest possible minimum weights d(n) given in [4] and current information on the known codes in the last column. For the extremal doubly even self-dual codes, we list the number A(n) of inequivalent extremal double circulant doubly even self-dual codes in Table 7 . Many extremal doubly even self-dual codes of lengths 80 and 88 are known (see e.g., [8] ). Finally, we give examples of double circulant singly even self-dual [n, n/2, d(n) − 2] codes in Table 8 for lengths n = 74, 80, 82, 84, 88.
